It is well known that if G is a locally compact and amenable group then the Banach spaces of operators of weak type (2,2) and of strong type (2,2) commuting with the right translations on G are the same. In contrast we show that if G is a nonabelian free group then there exists an operator of weak type (2,2) commuting with the right translations on G which is not of strong type (2.2).
Introduction. Let G be a locally compact group. We let L\(G), L2°°(C7) be the Banach spaces of convolution operators of respectively strong type (2.2), weak type (2, 2) . By convolution operator we mean a linear operator from one space of functions on G that is closed under right translations to another such space, that commutes with right translations. We always have: L\(G) C Lf°°(G). M. Cowling proved that if G is an amenable group then these two spaces coincide [2, Theorem 5.4] , In this note we show that if G is a nonabelian free group then L\(G) ^ L2X(G). of strong type (p,p) we denote respectively LP°°(G), LP(G). Generally, following [2] , if T is a continuous linear operator from Lp,q to Lpr (1 < p < oo. 1 < q. r *£ oo) commuting with the right translations we will say that T belongs to Lp-r
The case of the free groups. Let G be a free group on r generators, r > 2. Proof. First let us compute the norm II x" II,.; . By Proposition it suffices to act only on characteristic functions. Let g be the characteristic function of a finite set E C G. Without loss of generality we may assume that g is supported by the words longer than 2n, because we may take g * ó\ -x¿, instead of g, where x is a sufficiently long word. Let h gk ~ gXk for A-= 0, 1.Then X" * g-hm = (x" * g)xm for w = 0,1, Theorem. Le/ G ¿>e a free group on r ( r 3= 2) generators. Then the Banach spaces of the operators of strong type (2, 2) and of weak type (2, 2) commuting with the right translations on G are not the same.
Proof. By the preceding Lemma and (**) we have that HxJI/.y« ' Hx" H/j ~* 0-so the norms II ■ II,_$,« and II • II,: are not equivalent on L\(G). Hence the Banach spaces L\(G) and L\X(G) must be "different.
Remarks. Every nonabelian free group contains the free group on two generators as the subgroup. So the foregoing theorem holds for all nonabelian free groups. In this case by standard application of Banach-Steinhaus theorem and closed graph theorem we may easily attain that L\X'(G) is not an algebra under convolution.
